A new method is described for constructing initial data for a binary neutron-star (BNS) system in quasi-equilibrium circular orbit. Two formulations for non-conformally flat data, waveless (WL) and near-zone helically symmetric (NHS), are introduced; in each formulation, the Einstein-Euler system, written in 3+1 form on an asymptotically flat spacelike hypersurface, is exactly solved for all metric components, including the spatially non-conformally flat potentials, and for irrotational flow. A numerical method applicable to both formulations is explained with an emphasis on the imposition of a spatial gauge condition. Results are shown for solution sequences of irrotational BNS with matter approximated by parametrized equations of state that use a few segments of polytropic equations of state. The binding energy and total angular momentum of solution sequences computed within the conformally flat -Isenberg-Wilson-Mathews (IWM) -formulation are closer to those of the third post-Newtonian (3PN) two point particles up to the closest orbits, for the more compact stars, whereas sequences resulting from the WL/NHS formulations deviate from the 3PN curve even more for the sequences with larger compactness. We think it likely that this correction reflects an overestimation in the IWM formulation as well as in the 3PN formula, by ∼ 1 cycle in the gravitational wave phase during the last several orbits. The work suggests that imposing spatial conformal flatness results in an underestimate of the quadrupole deformation of the components of binary neutron-star systems in the last few orbits prior to merger.
I. INTRODUCTION
Inspiral to merger of binary neutron stars (BNS) is one of the most promising sources of ground-based gravitational-wave detectors. A fully general relativistic numerical simulation is the unique approach to predict the gravitational waveform from the late inspiral to merger phase. Such a simulation begins with preparing quasi-equilibrium initial data with a close orbital separation ∼ 45-50 km.
Quasi-equilibrium initial data for binary neutron stars introduce two kinds of inaccuracies into inspiral simulations. One is due to ignoring the radial component of the velocity of orbiting stars, the other to artificial restrictions on the geometry of the initial hypersurface [1] . A common choice for the geometry of the initial hypersurface is a conformally flat three-geometry [2, 3] , and a similarly restrictive alternative is presented in [4] . 1 The former error is reduced by adding radial velocity to minimize the oscillation around the inspiral orbit, where the radial velocity may be determined empirically or calculated from the post-Newtonian formula of inspiraling point masses. Both errors become negligible if the initial separation of the binary is large enough, possibly five orbits or more before the merger; but increasing separation increases the cost of computing time, and maintaining accuracy in numerical simulations may still be an issue.
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In a previous letter [7] , we have reported that the inaccuracy of the binary orbit arising from spatial conformal flatness can be largely removed if one solves the full Einstein equation for all metric components, including the non-conformally flat part of the spatial metric, on a Cauchy surface Σ t , using the formulation presented in [8, 9, 10] . In this formulation, Einstein's equation is written in a 3+1 form and the time derivative of the conformal three metric, ∂ tγab , which carries the dynamics of the spacetime in our choice of the gauge, is set to zero. γ ab is conformally related to the spatial metric γ ab in each slice Σ t by γ ab = ψ 4γ ab , with ψ a conformal factor. As a result, the field equations for the metric components become elliptic equations on an initial slice Σ t , and they yield an asymptotically flat metric. We call this approach the waveless formulation (WL).
We have also experimented with another formulation for quasi-equilibrium initial data in which all components of the metric are computed; preliminary results were presented in [13] . In this approach, helical symmetry is imposed in the near zone from the center of mass to the radius ∼ λ = π/Ω, and either the WL formulation is applied outside, or the computational domain is trun-cated at this radius. Here, Ω is the orbital angular velocity and λ is the wavelength of the dominant, primarily ℓ = m = 2 quadrupole, mode of the gravitational waves expected to be radiated from the system. In this paper, we discuss the near-zone helically symmetric (NHS) formulation together with the WL formulation, for which numerical methods are common.
A significant difference in the binding energy and total angular momentum between the solutions from WL/NHS formulations and those from a conformally flat formulation, the Isenberg-Wilson-Mathews (IWM) formulation [11, 12] , is found and is discussed in the later section. In the IWM formulation, the solution sequences -the plots of these quantities as functions of orbital angular velocity -become closer to those of third post-Newtonian (3PN) point particles up to the closest orbits when the compactness of each star is increased. In contrast, sequences obtained from the WL/NHS formulations deviate more from the 3PN curve for larger compactness.
We expect waveless and helically symmetric solutions to accurately approximate the outgoing metric in the near zone, where the gravitational wave amplitude is small compared to the Coulomb part of each metric potential. Results of Ref. [13] and of the present paper support this expectation by showing that corresponding WL and NHS solutions nearly coincide.
Several groups have developed simulation codes for BNS inspirals and merger; stable long-term simulations [14, 15] , magnetized BNS simulations [16] , and black hole-neutron star binary merger simulations [17] are now feasible. As mentioned above, however, accurate modeling of the last several orbits of inspiraling binary compact object using quasi-equilibrium sequences will be still useful, because the lower computational cost allows one to study gravitational wave sources by exploring a wider parameter space, varying the mass ratio and the dense matter EOS. One of the other applications will be the comparison with the results of simulations, which becomes a reliable calibration for both of the numerical solutions. This paper is organized as follows: In Sec.II we describe the WL/NHS formulations. These are essentially identical to those introduced in our previous papers [9, 10, 13] , except for a few modifications suitable for coding. All equations used in actual coding are written in Appendix A in detail. As a model for the EOS of high density matter, the parametrized EOS developed in [15, 18] is used in the computations and is briefly introduced in this section. In Sec.III the numerical method is discussed, with emphasis on the major differences from the previous conformally flat code. In Sec.IV we report results from the WL/NHS computation of binary systems and of constant rest mass quasi-equilibrium sequences.
In this paper, spacetime indices are Greek, spatial indices Latin, and the metric signature is −+++. For writing the basic equations, geometric units with G = c = 1 are used, while for tabulating the numerical solutions, cgs units or other appropriate units are used.
II. FORMULATION A. 3+1 decomposition and gauge conditions
The spacetime M = R × Σ is foliated by a family of spacelike hypersurfaces (Σ t ) t∈R parametrized by t. The future-pointing unit normal n α to the hypersurface Σ t is related to the generator t α of time translations, for which t α ∇ α t = 1, by
Here α is the lapse function and β α the shift vector, with β α n α = 0. n α is related to the gradient of t by n α = −α∇ α t. It is also related to the helical vector k α , the generator of time translation in a rotating frame, by
where a spatial vector ω α := β α + Ωφ α is the rotating shift in the rotating frame, and Ω is a constant angular velocity of the rotating frame. The helical vector k α is not everywhere timelike, but it is transverse to the surface Σ t , and normalized as k α ∇ t = 1. The spatial metric γ ab (t) induced on Σ t by the spacetime metric g αβ is equal to the projection tensor orthogonal to n α , γ αβ = g αβ + n α n β , restricted to Σ t . We introduce a conformal factor ψ, a conformally rescaled spatial metricγ ab , and a flat spatial metric f ab , with γ ab = ψ 4γ ab , and with the conformal factor specified by the conditionγ = f , whereγ and f are the determinants ofγ ab and f ab . In a chart (t, x a ), the metric g αβ has the form
Let us denote by h ab and h ab the differences between the conformal metric and the flat one:
The extrinsic curvature of each slice Σ t is defined by
where the action of £ n on γ ab in the above definition, and on other spatial tensors hereafter, is given by
here ∂ t γ ab is the pullback of £ t γ αβ to Σ t , with £ t the Lie derivative along the vector t α defined on M, and £ β is the Lie derivative along the spatial vector β a on Σ t . Einstein's equation is written in the 3+1 form
These equations are the Hamiltonian and momentum constraints, the trace of the spatial projection combined with the Hamiltonian constraint, and the tracefree part of the spatial projection, respectively. They are solved for ψ, β a , the combination αψ, and h ab . For perfect-fluid spacetimes, the stress-energy tensor T αβ is written
where ǫ is the energy density, p the pressure, and u α the 4-velocity of the fluid.
The above set of equations are solved imposing as coordinate conditions the maximal slicing condition,
and the generalized Dirac gauge condition [9, 10, 13] ,
where • D a is the covariant derivative associated with the flat metric f ab . Concrete forms of Eqs. (7)- (10) are presented in Appendix A.
B. Waveless and near-zone helically symmetric formulations
As a model for binary compact objects in general relativity, helically symmetric spacetimes have been introduced [19] and studied by several authors [20, 21, 22, 23, 24, 25, 26, 27] . Helically symmetric binary solutions for point-particles in a post-Minkowski framework [28] analogous to the electromagnetic two-body solution [29] , and for several toy models have been calculated [13] .
Helically symmetric spacetimes do not admit flat asymptotics. However, it is expected that, up to a certain truncation radius where the energy of radiation does not dominate the gravitational mass of the system, solutions have an approximate asymptotic region in which gravitational waves are propagating in a curved background. Such a solution, however, has not yet been calculated successfully in the regime of strong gravity.
Helical symmetry,
implies for the 3-metric and extrinsic curvature on a initial hypersurface Σ t ,
Using the relation k α = αn α + ω α , we have
Because k α is timelike in the fluid, helical symmetry for the fluid variables,
has the meaning of stationarity for a rotating observer. Our formulation for the non-conformally flat data of binary compact objects in a quasi-equilibrium quasicircular orbit is based on the helically symmetric formulation. We further impose either a waveless condition or near-zone helical symmetry in the gauge (12) and (13) .
a. Waveless formulation As discussed in [10] , the condition, ∂ tγ ab = O(r −3 ), is sufficient to enforce Coulomb-type fall off in the asymptotics. For our waveless formulation in this paper, we impose the stronger condition
which amounts to writing the extrinsic curvature as
where helical symmetry is used to get the second equality.
Only the first term on the r.h.s. remains in the maximal slicing condition. Because the trace of Eq. (20) has the same form for K = 0 as the trace of the original equation (5), the waveless condition (19) does not affect the maximal slicing condition. Note that the second term of the r.h.s. of Eq. (20) does not appear in the tracefree part of K ab ; in other words, the time derivative of the conformal factor ψ does not appear in the initial value formulation in this slicing. The other time derivatives are given by the helical symmetry conditions, Eqs. (17) and (18) . b. Near-zone helically symmetric formulation Nearzone helical symmetry means that we impose helically symmetric conditions (16)-(18) in the region from the center of the source to about one wavelength of the ℓ = m = 2 mode of the gravity wave, r λ := π/Ω; we then either truncate the domain of numerical computation at this radius or use the waveless formulation outside. The latter implies for K ab the condition
where the constant a, the coordinate radius of the helically symmetric zone in units of λ = π/Ω, is restricted to a 1.5. Without this restriction, iterations fail to converge to a binary solution. In the near-zone-helical + outside-waveless formulation, all metric components, including those of the spatial metric, have Coulomb-type fall off. We have compared the NHS solution to the WL solution in our previous paper [13] and confirmed that the difference in the non-conformal flat part of the spatial metric is about 1% for the BNS of M 1 /R ∼ 0.17, where M 1 /R is the compactness, the ratio of the gravitational mass to the circumferential radius of a spherical star having the same rest mass as each component star of the binary.
C. Formulation for the irrotational flow
The late stage of BNS inspiral is modeled by a constant rest mass sequence of quasi-equilibrium solutions with negligible spins and magnetic fields, a description appropriate to a binary of old pulsars with spin periods longer than 100 ms. Since the viscosity of the high density matter is expected to be negligible, a neutron star in a binary system is not spun up by the tidal torque during the inspirals. Hence, the flow field remains approximately irrotational, and each neutron star is modeled by an irrotational perfect fluid [30] .
The equation of motion, ∇ β T α β = 0, for a perfect fluid has the form,
where s is the entropy per baryon mass, h is the relativistic enthalpy per baryon mass h := (ǫ + p)/ρ, and local thermodynamic equilibrium dh = T ds+dp/ρ is assumed. We assume constant entropy per baryon (s = const) everywhere inside the neutron star, together with a oneparameter EOS,
The form
of the relativistic Euler equation then follows from local conservation of baryon mass,
Written in terms of the Lie derivative along u α , these last equations have the form
A state is stationary state in the rotating frame if it is helically symmetric, if each physical field is Lie derived by the helical vector field k α , as in Eq. (18), or
where u t is the scalar u α ∇ α t. The relativistic Euler equation (24) can be rewritten as
where
is the relativistic vorticity tensor. This implies that, for irrotational flow, hu α has a potential Φ,
and hence the relativistic Euler equation has a first integral. With a spatial velocity v α in the rotating frame defined by
where v α n α = 0, Eq. (27) becomes, 33) therefore the first integral is
where E is a constant 3 . Note that Eqs. (28) and (31) imply a flow with £ k Φ = constant. Such a flow is both irrotational and helically symmetric with the shape of the star fixed in the rotating frame. Solutions describing irrotational binaries in Newtonian and post-Newtonian gravity are found in [31] , and details of the formulation for helically symmetric irrotational flow are given in [20, 33] .
There are three fluid variables and two parameters to be determined in the above formulation. The fluid variables are a thermodynamic variable, the velocity potential Φ, and the time component of the 4-velocity u t ; and these are calculated from the first integral (34) , the rest-mass conservation equation (26) , and the normalization of the 4-velocity, u α u α = −1. A concrete form of these equations are presented in Appendix A 3. For the independent thermodynamic variable, we choose q := p/ρ, and other thermodynamic variables are determined from the thermodynamic relations and the oneparameter EOS, which are briefly explained in the next section. The number of fluid variables and parameters are augmented in the numerical computation, which is mentioned in Appendix B 2 (or see [37] ).
D. Parametrized equations of state
Recently, a parametrization for the EOS of nuclear matter has been studied, and it is shown that a parametrized EOS with three polytropic intervals approximates with fair accuracy a variety of current candidate EOS, over a range of densities that extends from the inner crust to the maximum neutron-star density [18] . Two of these intervals and three parameters cover densities below the central density of a 1.4M ⊙ neutron star, and waveforms from binary inspiral can be used to constrain this three-dimensional subspace of the parameter space [15] . This parametrized EOS is used in our models for BNS data.
Construction of piecewise polytropic EOS
In presenting these piecewise polytropes, it is helpful to introduce a relativistic Emden function q by q := p/ρ (35) and to write the remaining thermodynamic variables in terms of q. For an isentropic flow with s = 0, the local first law of thermodynamic equilibrium, dh = T ds + 1 ρ dp, takes the form dh = 1 ρ dp,
where h is the enthalpy per baryon mass. A piecewise polytropic EOS is given by
in the intervals ρ ∈ [ρ i−1 , ρ i ), i = 1, · · · , N , with ρ 0 = 0 and ρ N = ∞. In this section the subscript i denotes the ith interval, associated with a set of constants {Γ i , K i } with i = 1, · · · , N , and labels the value of quantities at the higher density side of each interval, [ρ i−1 , ρ i ). Because we consider only continuous EOS, p i , h i , ǫ i and q i are the values of each of these quantities at density ρ i . The constant indices Γ i are N model parameters, and values of one thermodynamic variable at interfaces comprise a set of N − 1 model parameters. A requirement that the pressure at the interface is continuous,
uniquely specifies values of K i up to one free parameter, one of K i of a specific ith interval, which is usually specified by prescribing the value of pressure p i at the corresponding interface density ρ i . Therefore we have 2N parameters for a parametrized EOS with N intervals. To compute other thermodynamic quantities from q, we use the following relations, valid in the ith interval, q ∈ [q i−1 , q i ):
where Eq. (41) is obtained by integrating the relation
Here,
with h 0 = 1 and q 0 = 0.
Choice for the parameters
In the latter sections, we present the results of quasiequilibrium BNS solutions calculated using two types of parametrized EOS. The first EOS contains one free parameter, which is used to estimate the accuracy of the measurement of the EOS parameter, and the neutronstar radius, by gravitational-wave observations of the inspirals of BNS [15] . The second EOS is a fourparameter fit to the candidates of neutron-star EOS. Those candidate EOS are tabulated nuclear EOS, and the parametrized EOS with four parameters approximates each candidate within the rms residual typically in the order of ∼ 0.1%, and ∼ 4.3% for the worst case [18] .
The parametrized EOS with one parameter uses two polytropic intervals. The lower density interval approximates the known subnuclear density EOS, the fixed crust EOS, around 0.1ρ nuc ∼ ρ nuc by setting (Γ 0 , K 0 ) = (1.35692, 3.59389 × 10 13 ). Here, ρ nuc is the nuclear saturation density, and the constant K 0 is in cgs units which give the pressure p in dyn/cm 2 . For the second polytropic interval at the higher density side, the adiabatic index is set Γ 1 = 3. Then, the pressure p 1 at the density ρ 1 = 10 14.7 g/cm 3 is chosen as a parameter, and the dividing density at the fixed crust and the next polytropic piece ρ 0 is determined as the intersection of the two intervals. Further details are found in [15] .
The four-parameter fit uses the same crust EOS as above, and three other polytropic intervals. The adiabatic indices of higher polytropic intervals {Γ 1 , Γ 2 , Γ 3 }, and the pressure p 1 at the interface between i = 1 and 2 are chosen as fitting parameters, while the dividing density ρ 0 is evaluated in the same way as above, and other dividing densities are fixed as ρ 1 = 10 14.7 g/cm 3 and ρ 2 = 10 15 g/cm 3 . The EOS parameters and corresponding data for the spherical solutions are summarized in the later section IV. Further details for the four-parameter fit are found in [18] .
III. COMPUTATION
A system of elliptic equations and algebraic relations are solved applying a self-consistent field iteration scheme [34] . Recently, the convergence of such scheme for Newtonian barotropic stars has been mathematically analyzed in [35] .
The WL/NHS code for the irrotational BNS presented in this paper is developed on top of the former BNS code in which the IWM formulation is used [36] . Another version of the WL/NHS code, based on the triaxially deformed rotating neutron-star code described in [37] , has been developed, and its results are presented elsewhere. The numerical method used in these codes is briefly repeated in Appendix B.
A. Imposition of Dirac gauge
The primary difference between the WL/NHS code and an IWM code is the computation of the nonconformally flat part of the spatial metricγ ab = f ab +h ab . The conformal spatial metricγ ab has to satisfy two conditions,γ = f and • D bγ ab = 0, which turn out not to be automatically satisfied when the spatial tracefree part of Einstein's equation (10) or its concrete form in the code, either Eq. (A57) or (A60), is solved for h ab . To impose these conditions onγ ab accurately, we first make a gauge transformation of h ab to satisfy
, and we then correct the conformal factor to enforce the relation γ = ψ 12 f at each iteration cycle. Note that these two conditions are not explicitly imposed in Eq. (A57) or (A60), and they are violated mainly due to the numerical error of finite differencing.
The gauge vector is calculated numerically by the following procedure: a perturbation of the spatial metric δγ ab
implies, to the same order, that the conformally rescaled metric withγ = f satisfies
We adjust h ab to this order to satisfy the Dirac gauge condition; namely, writing
we let h ′ ab satisfy the Dirac gauge condition to linear order in h ab ,
This equation is solved by introducing the decomposition
which results in a set of elliptic equations,
These equations (50) are solved using the same Poisson solver described in Appendix B, and a solution is substituted in Eq. (49) and then in Eq. (47) . In the r.h.s. of Eq. (47), h ab is calculated from the tracefree part of Einstein's equation, either Eq. (A57) or (A60), and it is replaced by h ′ ab , which satisfies the Dirac gauge condition more accurately. We have also experimented with a transformation of the contravariant components of h ab analogous to Eq. (47), and let
• D b h ab = 0 be satisfied; however, the results did not change.
After the above gauge transformation, the conditioñ γ = f is imposed by adjusting the conformal factor ψ to
whereγ ′ is the determinant ofγ
Note that, to imposeγ = f , we do not change the value of h ′ ab . These two corrections to h ab and ψ are made once per iteration
The other parts of the method of computation, including the iteration scheme, are common to our previous codes [36, 37, 38] , which are briefly reviewed in Appendix B.
B. Coordinate and grid parameters
The WL/NHS code uses two coordinate patches: a spherical patch, called the central coordinate system, on which the metric components are calculated, and a surface-fitted spherical coordinate patch on which the fluid variables are computed. The origin of the central coordinates (r, θ, φ) is the mass center of the binary system, and that of the surface-fitted coordinates (r f , θ f , φ f ) is the geometric center of the component star, wherer f is related to the radial coordinate r f byr f = r f /R(θ f , φ f ) and R(θ f , φ f ) is the surface of the star. We match the radial coordinate lines at (θ, φ) = (π/2, 0) of the central coordinates, and that of the surface-fitted coordinates (θ f , φ f ) = (π/2, 0), and set the θ = 0 and θ f = 0 lines to be parallel. Only the octant of the whole space for the central coordinate is solved, while a quarter for the surface-fitted coordinate. The spherical coordinates correspond to the Cartesian coordinates in the usual way; the (θ, φ) = (π/2, 0) line to the (positive) x-axis, the (π/2, π/2) line to the y-axis, and the θ = 0 line to the z-axis.
The accuracy of the numerical solutions depends on the resolution of the finite differencing determined by the grid spacings (∆r, ∆θ, ∆φ), and the order of the truncation of multipole expansion ℓ max . The latter is constrained by the resolution since the multipoles involved in the Green's function, which oscillates rapidly for the larger ℓ, should For further details, see [36, 37, 38] . For the grid parameters, we choose values listed in Table II . Typically, 1 cycle of iteration takes about 70 s for this grid setup using a single core of Intel Xeon CPU X5450 with 3.00GHz clock.
IV. QUASI-EQUILIBRIUM SOLUTIONS
A. Behavior of hij for selected solutions
Quasi-equilibrium solutions of irrotational BNS are calculated for the various sets of EOS parameters summarized in Table III . As an example of the WL solutions, we present in Fig.1 contours of selected components of h ij for the parametrized EOS HB, with orbital radius d/R 0 = 1.5, where R 0 is the coordinate radius (half the diameter) of the neutron star along the x-axis. For a qualitative comparison, contours are also shown for the leading order terms O(r −1 ) of the asymptotic solution of h ij in a second order post-Newtonian (2PN) approximation with maximal slicing and a transverse-traceless gauge for h ij , as derived in [39] (see, Eq. (5.30)), namely where
In the quadrupole integrals I ij , we substituted two 1.35M ⊙ point masses, separated by the same coordinate length as the above WL solution. The region shown in these figures does not extend far enough to have asymptotic behavior, though the contours qualitatively agree. In Fig. 2 , selected components of h ij are plotted along the x-axis for the cases with parametrized EOS 2H, HB, and 2B, from top to the bottom panels. In each case the the orbital radius is again d/R 0 = 1.5. In our models, the gravitational mass of the corresponding spherical star is M 1 = 1.35M ⊙ and M 1 /R of each EOS increases in the order of 2H, HB, 2B (see Table III ), which is reflected by the increasing amplitude of h ij . Here and after, the compactness of each component star in the binary system means the value of M 1 /R for a single spherical star with the same rest mass.
In the right panels, corresponding to the left panels, log-log plots of the h yy and h zz components are shown , and values of log(p1) and {Γ1, Γ2, Γ3} are taken from Table I of [15] and Table III of [18] . The parameters to fit the crust EOS are chosen as (Γ0, K0) = (1.35692, 3.59389 × 10 13 ) where K0 is in cgs units, and the dividing density ρ0 used to model the transition from the crust to the nuclear matter is tabulated in the log of ρ0 [g/cm 3 ]. In the following calculations for BNS, a spherical solution of each EOS with gravitational mass M1 = 1.35M⊙ is used as a reference, whose rest mass M0 in solar mass units, circumferential radius R in km, compactness M1/R in the geometric unit G = c = 1, and log of the central density ρc in g/cm up to the boundary of the computational domain. Upper and lower thin black lines in the right panels are, respectively, the h yy and h zz components of the asymptotic solutions (52) of two point masses. These lines do not exactly match the h ij countours of the corresponding of numerical solutions for several reasons, including finite-size and higher order post-Newtonian effects. However, the lines shift systematicaly from the numerical h ij , which suggest that the numerical h ij scales properly in the asymptotic region (as well as in the near zone) as the compactness increases.
B. Quasi-equilibrium sequences with different compactness
A constant-rest-mass sequence of quasi-equilibrium solutions for irrotational BNS is considered as a model for the last several orbits of inspiral before merger. Such sequences are computed for the models with different EOS parameters listed in Table III . The fixed rest mass of each model is that of a spherical star whose gravitational mass is M 1 = 1.35M ⊙ . Quantities of the spherical star for each model are also presented in the same Table. In Fig.3 , the binding energy E b := M ADM − M and the total angular momentum J, normalized by twice the gravitational mass of the spherical star M = 2M 1 , are plotted for models 2H, HB, and 2B. In the top and middle panels, the results of the WL sequences are compared with the results of IWM sequences and of non-spinning point particles in 3PN circular orbits. Clearly, the IWM sequences coincide with the 3PN curve up to smaller separation (larger ΩM ), whereas the WL sequences significantly deviate from the 3PN sequence. As the compactness (in this case from 2H to 2B) increases, the curves of the IWM sequence around the smallest separation come closer to the 3PN curve. In contrast to this, deviations of the WL sequences from the 3PN curve are even larger for the larger compactness.
In the bottom panel of the Fig.3 , the binding energy E b := M ADM − M of the WL sequences are compared with the results of the NHS sequences. Clearly, the difference in the binding energy of two formulations is less than a percent; that is, the WL solutions almost coincide with the helically symmetric solution in the near zone.
In [10] , we have derived asymptotic conditions for equality M ADM = M K of the ADM and Komar masses [40] , which is related to the relativistic virial relation for the equilibrium [41] ,
In the WL/NHS formulation, the asymptotic fall-off of each field is sufficiently fast to enforce the equality. In Fig. 4 , we evaluate the values of the fractional differences |M ADM − M K |/M ADM for the WL sequences with the parametrized EOS 2H, HB, and 2B. The plots show that the differences are less than 2 × 10 −4 . The compactness increases in the order of 2H, HB, and 2B; the fractional differences, however, do not necessarily increase with increasing compactness in this range M 1 /R 0.2. The fact that the fractional difference is well controlled for these sequences is evidence that the binding energy in Fig.3 is calculated accurately. The virial relation Eq. (54), normalized by M ADM , is also calculated to examine the accuracy of the numerical solutions, whose absolute value is about 0.5 ∼ 1 times that of the fractional difference of two masses. C. Quasi-equilibrium sequences with four-parameter fitted EOS
In the paper [18] , optimal values for the parameters of four-parameter fitted EOS have been derived for 34 candidates of the neutron-star EOS (17 selected EOS of nuclear matter with varied parameters). We choose five representative EOS, which are SLy [42] , APR1 [43] , FPS [44] , BGN1H1 [45] , and ALF3 [46] . The first three are made only from normal nuclear matter, while BGN1H1 involves a mixed phase with hyperons, and ALF3 with quarks. For the latter two EOS, the value of Γ becomes smaller in the mixed phase with the exotic matter at a few times above nuclear density [18] . However, BGN1H1 is a stiff EOS having the largest p 1 among them, and hence the core of the mixed phase is not large for the mass M 1 = 1.35M ⊙ .
In Fig.5 , the binding energy E b of the WL sequences for these parametrized EOS are plotted. As in the case of the one-parameter parametrized EOS in Sec.IV B, the sequences with higher compactness M 1 /R extend to higher values of ΩM . Also, the WL sequences deviate from the 3PN curve at larger ΩM . Among these EOS, APR1 is the softest, giving the most compact neutron-star model; and the corresponding binary sequence reaches the highest value, ∼ 0.058, of ΩM . However, as seen in the bottom panel of Fig. 5 , the binding energy curve of APR1 is slightly off from the 3PN curve even for the smaller ΩM of the sequence. In our neutron-star code, using a finite difference scheme, the core of the neutron star is covered by fewer grid points in the central coordinates when the binary separation becomes larger and the neutron stars more compact; this may increase the numerical errors. We plan to incorporate a binary computation in the new code [37] , in which enough grids are maintained, to densely to cover the neutron star, irrespective of the binary separation or neutron-star radius. The results of the APR1 curve as well as more compact binary sequences will be studied using the new code.
In [15] , the gravitational waveform computed from inspiral simulations has been analyzed to estimate the accuracy with which gravitational wave observations can constrain neutron-star radius, an EOS parameter correlated with the departure from point-particle inspiral. A promising result is that the neutron-star radius can be constrained to δR ∼ 1km for an interferometric detector with the sensitivity of Advanced LIGO, in either a broadband configuration or a narrowband with peak sensitivity around 1150Hz. This suggests that the successful observations of gravitational waves may exclude even a couple of EOS shown in Fig.5 . In this section, we approximately determine the orbital evolution in the late inspiral phase up to the onset of merger using the quasi-equilibrium sequences computed in the previous section. To construct a quasi-equilibrium sequence, one assumes that each BNS evolves adiabatically along the sequence, that the radial velocity is much smaller than the orbital velocity. Given the rest mass and the EOS, each quasi-equilibrium sequence is defined by one parameter: The total energy and angular momentum of the binary system along a sequence are parametrized by the orbital angular velocity as E(Ω) and J(Ω).
The time evolution of the angular velocity then becomes
For the gravitational wave luminosity, dE/dt, we adopt the 3.5PN formula for two point masses [47] . Tidal deformation of the neutron stars in close orbits makes the attractive force between two stars stronger, and hence it accelerates the orbital velocity, resulting in the enhancement of the gravitational wave luminosity. Thus, the 3.5PN formula for the luminosity is likely to underestimate that of the BNS. However, this effect plays an important role only for the last ∼ 1 orbit, and for most of the late inspiral orbits, the 3.5PN formula is a good approximation. Numerical integration of Eq. (55) provides the relation between t and Ω from
From this, the angular velocity as a function of time, Ω(t), is obtained. Using this relation, we can also compute the approximate orbital phase evolution by
We note that the numerical model with the maximum value of Ω for each sequence presented in this paper does not exactly, but does approximately, correspond to a solution at the closest orbit. We stop the integration of Eq. (56) when Ω reaches its maximum. In the top panel of Fig. 6 , ΩM is plotted as a function of time for EOS 2B, HB, FPS, and SLy in the WL formulation. In the bottom panel of Fig. 6 , the results for 2B and HB, calculated in both the WL and IWM formulation, are compared. We also plot the results of two point masses, derived from the Taylor-T4 formula [48] .
The top panel of Fig. 6 shows that for the small values of Ω, all the curves approximately agree, irrespective of the EOS. This is natural because for such small values, tidal deformation does not play an important role and orbital velocity is sufficiently small (v < 0.3c) that the post-Newtonian formula (Taylor-T4 formula) with the point-particle approximation should be an excellent approximation.
By contrast, the values of Ω(t) computed from the numerical sequences deviate from those given by the Taylor-T4 formula and all formulations used to compute the quasiequilibria. This is due to the tidal deformation of the neutron stars; the rate of change of the energy as a function of Ω approaches zero for the close orbits, as seen in Figs. 3 and 5. This deviation occurs at more distant orbits for less compact neutron stars (i.e., for the stiffer EOS), indicating, as expected, that one can extract from the curve Ω(t) a characteristic of the component neutron stars related to their compactness and a corresponding parameter of the EOS.
The bottom panel of Fig. 6 shows that the curves Ω(t) computed by the WL and IWM formulations are significantly different, as expected from the results of E(Ω). In the case that the IWM formulation is adopted, the merger time is overestimated by ∼ 50M , which is a quite a large factor. This suggests that the results in the IWM formulation do not work well for predicting the evolution of the last several orbits before the onset of merger.
In Fig. 7 , we plot the curves of N as a function of ΩM ; the top panel is for EOS 2B, HB, FPS, and SLy in the WL formulation and the bottom for EOS 2B and HB in the WL and IWM formulation. The top panel shows that the number of orbital cycles in the late inspiral phase depends strongly on the EOS. For a soft EOS, e.g., EOS 2B, in which the compactness of the neutron star is largest, the number of cycle is largest. By contrast, for a stiff EOS such as SLy, the number of cycles may be smaller by ∼ 1 than that for EOS 2B.
In bottom panel of Fig. 7 , the results for the number of cycle calculated from different formulations are compared. As expected from the results for Ω(t), the IWM formulation overestimates the number of cycles. The error ∆N is ∼ 0.5 for the EOS 2B; i.e., one cycle of gravitational waves would be overestimated.
V. DISCUSSION
The deviations of the binding energy and total angular momentum of WL/NHS sequences from the 3PN pointparticle sequence as well as from the IWM sequences are likely to be due to the tidal deformation of neutron stars in the binary system coupled with general relativistic effects. As the compactness of the component neutron stars increases, the deviation from the 3PN sequence at a certain value of ΩM decreases -WL/NHS sequences become closer to the point-particle sequence, but not by as much as the IWM sequences do. It has been believed that, as the compactness of the component neutron stars increases, the behavior of the binding energy and angular momentum of binary sequences more closely approximates that of point masses. This is found in the results of IWM sequences but to a lesser extent in the WL/NHS sequences. The behavior of the IWM sequence was interpreted as the effacing of the tidal effects due to the strong gravity: that is, as the compactness increases, the sequences of binary neutron-star solutions become much closer to the sequences of two point masses, because the tidal effect is masked by the stronger self-gravity of each component star. However, the results of WL/NHS sequences suggest that such effacing of the tidal effect seen in IWM sequence is an artifact of the conformally flat approximation, at least for the case of equal mass binary neutron stars.
In the WL/NHS formulations, all components of Einstein's equation are solved without approximation on a initial hypersurface, while in the IWM formulation, some terms of second post-Newtonian order are truncated. As discussed in [7] the difference between the IWM and WL/NHS formulations in the binding energy E b is estimated at second post-Newtonian order as M h ab v a v b , where the magnitude of the orbital velocity v a is typically v ∼ 0.34(ΩM/0.04) 1/3 . Since h ab is O(v 4 ), the order of the difference in the binding energy is given by
, and a larger deviation as v becomes larger for more compact sequences is expected. This estimate is consistent with our results shown in Fig. 3 and 5. Note also that the tidal effect is larger for the EOS with a larger Γ as we used in our computations. So far, our WL/NHS codes have passed several code tests (as have the IWM codes), and results of two independent WL codes agreed for a BNS sequence with M 1 /R = 0.17 as shown in [7] . These results support our argument that the WL/NHS results accurately correct the IWM results. A computation of quasi-equilibrium BNS sequences using a totally different numerical method, such as the fully constrained scheme [9] , would be a helpful additional check.
We think our results suggest that the circularity of orbit is more accurately enforced on a WL/NHS sequence than a IWM sequence. However, in such quasiequilibrium sequences, some important features of realistic inspirals are ignored. Those include the radial velocity due to gravitational radiation reaction at 2.5PN order that is likely to be comparable to the 2PN terms during the last few orbits where the neutron-star velocity is of order v ∼ 0.1, and a tidal lag angle of about 10 − 20 degrees that is found in inspiral simulations. Therefore, a caveat is that estimates of the merger time and orbital cycles using quasi-equilibrium sequences shown in Sec. IV D involve errors due to ignoring these effects.
Recently, several groups have developed methods to treat the general relativistic tidal deformations analytically [49] . Comparison of these analytic results and the present results for WL/NHS sequences may be useful in calibrating the binding energy or the total angular momentum of the quasi-equilibrium sequence in the regime where the relativistic tidal effects become important. Finally, by combining the analytic and numerical results, more accurate quasi-equilibrium models for the late inspirals may be constructed [50] .
The WL/NHS formulations can be also used to construct models of rotating neutron stars. In [51] , axisymmetric rotating relativistic stars are computed using the fully constrained formulation with maximal slicing and the generalized Dirac gauge conditions [9] . Those solutions agreed with the ones calculated using a stationary axisymmetric metric with the additional discrete symmetry of the simultaneous transformation, t → −t and φ → −φ. The WL/NHS formulations include more general stationary axisymmetric spacetimes, which do not depend on the additional symmetry. Therefore, the WL/NHS formulations can be applied, for example, to rotating neutron stars that may have both toroidal and poloidal components of the magnetic fields as well as meridional circulation. Even in this case, the WL/NHS formulation can be used to compute exact equilibria that are more general than those calculated in [52] . We plan to extend our codes to compute relativistic rotating stars and binary systems that each include strong magnetic fields. 
APPENDIX A: BASIC EQUATIONS
In this Appendix, the system of equations used in WL/NHS codes is presented in detail. The equations include all components of Einstein's equation, the first integral of the relativistic Euler equation, and the rest mass conservation equation for the irrotational flow. The WL/NHS formulations are based on [9, 10, 13] .
Conventions
As mentioned in Sec.II A, the 3+1 decomposition is applied to the spacetime M in the WL/NHS formulations. First, several definitions for the quantities relating to the spatial geometry are introduced.
a. Connections
The spatial metric γ ab , a conformally rescaled spatial metricγ ab , and a flat metric f ab are associated with the derivatives D a ,D a , and
• D a , respectively. We introduce the conformal rescaling by γ ab = ψ 4γ ab , whose determinantγ is equal to that of the flat metric f ,γ = f , to specify the decomposition of the spatial metric uniquely. Covariant derivatives D a andD a are related by
where X a is a spatial vector, and a coefficientC c ab is writteñ
Also,D a and
where C c ab is written
A trace of C c ab
and the conditionγ = f that specifies the conformal decomposition imply C 
b. Conformally rescaled extrinsic curvatures
The form of the extrinsic curvature K ab is discussed in Sec.II B. In the equations for our numerical code, it is decomposed in terms of the trace K = γ ab K ab and the tracefree part A ab ,
The conformally rescaled tracefree partÃ a b is defined as
and its index is lowered (raised) byγ ab (γ ab ). We define L X γ ab as the tracefree part of £ X γ ab , where X a is a spatial vector on Σ t ,
The r.h.s. of this equation is a conformal Killing operator, and its conformally rescaled version is defined bỹ
Note that a vector is rescaled,X a = X a , andγ ab is used when lowering the index of the rescaled vector.
When helical symmetry, £ k g αβ = 0, is imposed as in Sec.II B, the tensors A ab andÃ ab have the forms
respectively; while for the WL formulation,
The following expression for the conformally rescaledÃ ab is used later,
The last term in the abovẽ
withφ a = φ a andφ a :=γ abφ b , appears only in the helically symmetric case and is eliminated when the WL formulation is used.
c. Conformally rescaled intrinsic quantities
The Ricci tensor 3 R ab of the spacelike hypersurface Σ t associated with the spatial metric γ ab is decomposed into terms related to the conformal factor ψ, 3R ψ ab , and the conformal Ricci tensor 3R ab associated withγ ab :
The first term is written
ab , terms linear in h ab or h ab are separated as
whereR D ab includes terms linear in the conformal metric in the form of flat divergences
non-linear terms,R NL ab , are writteñ
where C c,ab :=γ cd C ab by
Equations for the gravitational fields
Equations used in the numerical code are shown below. Although we impose the gauge conditions (12) and (13), the following equations are not restricted to these choices. The conformal decomposition, however, is specified by a conditionγ = f that is used, for example, to obtain the
The projection of Einstein's equation along the normal n α to the hypersurface yields
Substituting Eq. (A23), we have
The above equation is rewritten to isolate the flat Laplacian
• D a ψ on the l.h.s., and the other terms are treated as a source on the r.h.s.,
with the source S H given by
The momentum constraint is written in an elliptic equation to be solved for the covariant component of the conformally rescaled non-rotating shiftβ a :=γ ab β b . We begin with
then substitute Eq. (A14) and a relatioñ
to obtaiñ
From the first two terms of the r.h.s. of Eq. (A30), the flat terms
We keepD a instead of replacing it by
• D a and a connection C c ab in a couple of terms in the Eq. (A31), to shorten the equation. A decomposition proposed by Shibata,
is substituted in the expression for the flat operator
to obtain elliptic equations that are solved simultaneously,
where the source S a is written
A termD bL φγab is computed from
which is dropped when the WL formulation is used (see, Sec.II B).
c. Spatial trace part of Einstein's equation
The spatial trace of Einstein's equation is combined with the Hamiltonian constraint,
and it is solved for the combination αψ. Using a relation,
and applying helical symmetry, the above equation is rewritten
Isolating the flat part
where the source S tr is written
d. Spatial tracefree part of Einstein's equation
The projection of Einstein's equation to the initial hypersurface Σ t is written
The equation to solve for the non-conformal part of the spatial metric h ab is derived from the tracefree part of the above equation (A43). The tracefree operation eliminates terms proportional to γ ab . Applying helical symmetry, (16) and (17), the tracefree part of Eq. (A43) is written
where E ab is defined by
and E TF ab is its trace free part
The tracefree part of the tensors are also denoted by subscripts TF, hereafter. We further eliminate terms proportional to γ ab remaining in this expression for E ab later in this section. We derive two different equations to solve for h ab . One is an elliptic equation in which • ∆h ab is separated from 3 R ab as in Eq. (A19); it is used for both the WL/NHS formulation. The other is for the NHS formulation in which an operator (
The φ derivative term in this operator is separated from a term 1 α £ ω K ab , which is derived by applying helical symmetry, (16) and (17), to the time derivatives. For the former equation, the above E ab is rewritten
and for the latter,
Terms proportional to γ ab in Eqs.(A47) and (A48) are now eliminated further to simplify the equations. Introducing barred quantities,
their combination becomes
Next, substituting K ab = A ab + 1 3 γ ab K to terms relating to K ab , their tracefree part satisfies
For the matter source term,
where u a := γ a α u α . We also introduce a barred quantitȳ
that satisfies S TF ab =S TF ab , where h = (ǫ + p)/ρ is used. The tracefree operation to the operator (
where relationsγ
The same operation to the Laplacian is written similarly as above, but without ∂ φ terms.
Finally, the trace free part E TF ab = 0 results in the following elliptic equation,
where the source S ab is defined by
andĒ TF ab is a tracefree part ofĒ ab , which is written using the rescaledÃ ab ,
For the equation with the operator
with
(A61) Using the rescaledÃ ab ,Ē ab is defined bȳ
where a difference from (A59) is a term in the last line.
e. Matter source terms
In the above, the matter source terms, ρ H , j a , S and S ab , that appear in the field equations are obtained from the stress energy tensor. We write the projection of the stress energy tensor in terms of the fluid variables and metric potentials. The 4-velocity for irrotational flow
is decomposed with respect to the foliation Σ t as
where the velocity potential Φ is introduced by hu α = ∇ α Φ, Using these relations, the matter source terms of the field equations become
or with a barred quantity,
Equations for irrotational fluid
Following Sec.II C and II D, a set of equations used in our codes to solve for the matter variables are derived. As independent variables, we choose the relativistic enthalpy per baryon mass, the time component of the 4-velocity, and the velocity potential, {h, u t , Φ}. For the first two variables, the first integral Eq. (34) and the normalization of the 4-velocity u α u α = −1 are solved. Using a relation derived from Eqs. (31) and (32),
these equations are rewritten,
where the first one is from u α u α = −1, and the second from Eq. (34) .
An equation to calculate the velocity potential Φ is derived from the rest mass conservation law, Eq. (26),
Substituting Eq. (A70) in the above relation, we have an elliptic equation for Φ,
This equation is solved with Neumann boundary condition to impose the fluid 4-velocity u α to follow the surface of the star. The surface is defined by the vanishing pressure p = 0, which coincide with the h = 1 surface in our EOS (see, Sec II D). Hence, the boundary condition is written
and, using £ k h = 0 and Eq. (A70), Neumann boundary condition for the potential Φ is rewritten,
where D a h is normal to the stellar surface.
Finally we rewrite the above set of equations for the helically symmetric irrotational flow using the flat derivative
where S is defined by
and
APPENDIX B: SELF-CONSISTENT FIELD ITERATION SCHEME
Elliptic equation solver
As mentioned in Sec.III B, components of the metric are computed on a spherical-coordinate grid whose origin is placed at the center of mass. The momentum constraints and the tracefree part of Einstein's equation are a spatial vector and a tensor equation, respectively, and it would be natural to write the equations in components along the spherical coordinates [36] . It is simpler, however, to solve these equations for cartesian components, yet on the spherical coordinates, because each cartesian component satisfies a field equation whose principal part is the same as that of a scalar equation.
For the spatial tracefree part of Einstein's equation solved for the non-conformally flat part h ab , writing the principal part L :=
φ , the field equations become
Expanding each cartesian component of h ab in scalar multipoles, the equation with the operator
becomes a Helmholtz equation for each mode,
Hence these elliptic equations are integrated using Green's formula,
where x and x ′ are positions, x, x ′ ∈ V ⊆ Σ t , and the Green function G(x, x ′ ) satisfies
LG(x,
We choose the Green function G(x, x ′ ) without boundary for the BNS calculations.
For the Laplace operator, L =
• ∆, a multipole expansion of G(x, x ′ ) in associated Legendre functions on the spherical coordinate is written
where the radial Green function g ℓ (r, r ′ ) becomes
with r > := sup{r, r ′ }, r < := inf{r, r ′ }, and the coefficients ǫ m are equal to ǫ 0 = 1 for m = 0, and ǫ m = 2 for m ≥ 1.
For the case with the Helmholtz operator, L =
2 Ω 2 , we choose the Green function for the half-retarded + half-advanced field [13] ,
where the radial Green function g ℓm (r, r ′ ) is constructed from the spherical Bessel function of the first and second kinds j ℓ (x) and n ℓ (x),
for m ≥ 1.
Summary for iteration scheme
Eq. (B3) is used as an elliptic equation solver for the field variables {α, β a , ψ, h ab }. In the code, the elliptic solver is used to compute the combination αψ from Eq. (A41); to compute the potentials (A32) of the shift vectorβ a from Eqs. (A34) and (A35); and to compute the gauge potentials (49) from Eq. (50) .
For the fluid variables, {h, u t , Φ} are found from Eqs.(A77), (A78), and (A79), respectively. A detailed description of a method to solve Eq. (A79) is found in [36] . As we use the surface-fitted coordinates to calculate neutron stars, the surface R(θ f , φ f ) becomes an additional variable. A stellar surface is defined by the pressure p = 0, and, instead, it is located by a condition q = p/ρ = 0 in the code.
A solution is specified by two parameters for an equal mass binary, which we take to be the orbital angular momentum and the injection energy, {Ω, E}. We introduce one more parameter R 0 to normalize the radial coordinate, where R 0 is half the coordinate diameter of a neutron star along the (θ f , φ f ) = (π/2, 0) line. These parameters are calculated from the conditions R(π/2, 0)/R 0 = 1 and R(π/2, π)/R 0 = 1, after prescribing a value of a thermodynamic variable at a point in a star, for which a central value of h is fixed at r f = 0. These conditions are applied to Eq. (A77), and solved for the three parameters.
All these variables are assigned on each grid point, and the parameters are calculated from the equations mentioned above in each iteration cycle. If we represent the set of fluid and metric variables byΨ, we can describe the iteration schematically as follows. The variables are are updated from their values at the Nth iteration cycle, Ψ (N) , to the (N+1)th, Ψ (N+1) , using softening, in the manner
where λ is the softening parameter, chosen to be in the range 0.1 to 0.3 to accelerate convergence. For a criteria to determine convergence, a relative difference of successive cycles
is used, with δ = 10 −6 in the present calculations. surface, and during the inspiral phase of binary neutron star, it is considered to be conserved. The rest mass of one component of a binary system is written M 0 and defined by
where dS α = ∇ α t √ −gd 3 x, and √ −gd 3 x = αψ 6 √γ d 3 x = αψ 6 r 2 sin θdrdθdφ, becauseγ = f is assumed. In this paper, the mass M 1 is used to specify an equal mass BNS sequence, and M = 2M 1 is used to normalize quantities. M 1 is the gravitational mass of a single spherical star whose rest mass is equal to the rest mass M 0 of one neutron star in the binary system of each model (see Table III ). The ADM mass M ADM is rewritten using conformal spatial metric,
where, in the second equality, the first term vanishes because of our choiceγ = f ; and ψ → 1 is used in the second term. We have calculated approximate values of M ADM using this surface integral at the boundary of the computational domain. Also, we fit M ψ /2r to ψ − 1 near the boundary, to ensure a constant M ψ ≈ M ADM . In the tables, however, the values of M ADM are calculated from a formula in which the above surface integral is converted to a volume integral using the Gauss-Stokes lemma. We apply this on the conformal spatial hypersurface, which results in a simpler formula; since, at spatial infinity ψ → 
The Komar mass associated with a timelike Killing field t α is written
where dS α = n α √ γd 3 x is used. To derive this, the global existence of a timelike Killing field is assumed. For the spacetime of WL/NHS formulations, no such timelike Killing field exists. Instead, an asymptotic Komar mass can be written
where (G αβ − 8πT αβ )g αβ = 0 is used. In [10] , we have derived asymptotic conditions for an equality of the ADM mass, and the asymptotic Komar mass [40] , M ADM = M K . The equality is related to the relativistic virial relation for the equilibrium [41] ,
In the WL/NHS formulation the asymptotic fall-off of each field is sufficiently fast to enforce the equality. And in this case, the above two definitions for M K agree as well. Finally, the total angular momentum is calculated from a volume form of surface integral at spatial infinity
To calculate J, we set the surface near the boundary of the computational domain of the central coordinates and use the Gauss-Stokes lemma to write
The values of J listed in the tables in next section, are calculated from the latter formula.
APPENDIX D: SELECTED SOLUTION SEQUENCES
Selected waveless solutions of irrotational BNS for parametrized EOS presented in Table III of Sec. IV are tabulated. All quantities are dimensionless in the geometric units G = c = 1, except for the ADM mass which is in a unit of solar mass M ADM [M ⊙ ].
